We consider an anisotropic body which is constituted by two different types of materials supporting a memory boundary condition and we show that its energy decays uniformly as time goes to infinity with the same rate as the relaxation function g, that is, the energy decays exponentially when g decays exponentially, and polynomially when g decays polynomially.
Introduction
In this paper, we study the asymptotic behavior of the solutions of a transmission problem in elasticity supporting a boundary condition of memory type. Let Ω be bounded open set in R n with boundary ∂Ω = Γ 1 ∪ Γ 2 where Γ 1 , Γ 2 are two smooth surfaces such that Γ 1 ∩Γ 2 = ∅. Let us consider an anisotropic body which has as reference configuration the region Ω. The body is made of two types of materials, this means that the material in a part Ω 1 of Ω is different of its complementary part Ω 2 := Ω \Ω 1 , consequently, due to this configuration, the elastic properties of the body can experience a discontinuity on the common surface Γ 0 of Ω 1 and Ω 2 . If we denote by u(x, t) and v(x, t) the displacements vectors in Ω 1 and Ω 2 at time t, the system that models this problem is given by the equations
(1.1) (1.4)
Here, the mass densities ρ i are positive constants, the relaxation g is a non negative decreasing function and the elasticity tensors C ijkl , G ijkl are symmetric, that is
Moreover, we have the following ellipticity conditions 5) for any symmetric tensors ij and some positive constants C 0 and G 0 .
The set Ω
Controllability for transmission problems were studied by several authors, and we mention a few works. The transmission problem for the wave equation was studied by
Lions [8] , where he applied the Hilbert Uniqueness Method (HUM) to show exact controllability. Later, Lagnese [7] , also applying HUM, extended this result, he showed the exact controllability for a class of hyperbolic systems which include the transmission problem for homogeneous anisotropic materials. The exact controllability for the plate equation was proved by Liu and Williams [10] and Aassila [1] . Some results about existence, uniqueness and regularity for elliptic stationary transmission problem can be found in [2, 6] .
Concerning stability, Liu and Williams, in [9] , studied a transmission problem for the wave equation and showed exponential decay of the energy provided a linear feedback velocity is applied at the boundary. The aim of this paper is to study the asymptotic behavior of solutions of system (1.1)-(1.4). We shall show that the solution decays exponentially to zero provided the relaxation function g decays exponentially to zero. Moreover, if g decays polynomially,
then we shall show that the corresponding solution also decays to zero with the same rate of decay.
The remainder part of this paper is organized as follows. In the next section we establish the existence, uniqueness and regularity of solutions for the transmission problem.
In section 3 we show the exponential decay of the first order energy and, in section 4 the polynomial decay. Finally, in section 5 we comment on generalizations of this problem.
Existence of Solutions
In this section the existence and uniqueness of strong solutions for system (1.1)-(1.4) will be established. First, we can rewrite condition (1.3) 3 in an another way e differentiate this condition to obtain the following Volterra equation
where we are denoting by * the convolution product (g * h)(t) :
Applying the inverse Volterra operator, we obtain
where k is the resolvent kernel of −g /g (0) , that is, k satisfies
g .
Therefore the condition (1.3) 3 implies that 
Hence, we can use condition (2.1) instead of ( 
there exists a positive constant c 0 with c 0 c p < 1 such that
but this is a contradiction. Therefore k(t) > 0 for all t ∈ R + 0 . Now, let us fix , such that 0 < < γ − c 0 and denote by
which implies our first assertion. To show the second part let us introduce the following
Therefore
which proves our second assertion. 
Then there exists a unique weak solution of
n and satisfy
4)
then, the solution has the following regularity property
In this case the solution (u, v) is called strong solution.
In this section we shall prove that the solution of system (1.1)-(1.4) decays exponentially to zero provided the resolvent kernel k also decays exponentially to zero. In the remainder of this paper we denote by C a positive constant which takes different values in different places. We shall assume that Ω 1 and Ω are star-shaped, that is to say, there exist
where r(x) := x − x 0 . Also, we will assume that the material type in Ω 2 is more dense and stiff than that in Ω 1 , that is
for any symmetric tensor ij . These assumptions, introduced by Lions in [8] , will allow us to eliminate derivative terms of high order on the interface Γ 0 (see Lemma 3.5).
The first order energy associated with system (1.1)-(1.3) is given by
Here, we are denoting by (k2h)(t) :
ds. The exponential decay of the first order energy is established by the following Theorem
where c 1 and c 2 are positive constants. Let us take (u
satisfying the compatibility conditions (2.3). If inequalities (3.1)-(3.2) hold, then there exist positive constants C = C(E(0)) and γ such that
We shall prove this Theorem for strong solutions, that is, for solutions with initial
n satisfying the compatibility condition (2.4), then our conclusion follows by a density argument.
This allows us to use the multiplier method to construct a suitable Lyapunov functional equivalent with the energy which must satisfy the differential inequality of the following Gronwall type lemma 
then there exist positive constants γ and c such that
Proof: First, let us suppose that γ 0 < γ 1 . Define I(t) by
Integrating from 0 to t we find
I(t) ≤ I(0)e
Now, we shall assume that γ 0 ≥ γ 1 . In this conditions we get
Integrating from 0 to t we obtain
for any 0 < < γ 1 we conclude that
This completes the proof. Let us denote by the operator given by (g h)(t) := t 0
g(t − s) h(t) − h(s) ds.
Some relations between the operators * , 2 and are given by the following Lemma. 
Proof: Differentiating the expression
, the first part of our conclusion follows. The second part is a consequence of Hölder's
inequality. 2
The first order energy of the transmission problem has the following property
Lemma 3.4 The following inequality holds
Proof: Multiplying equation (1.1) by u t , equation (1.2) by v t , integrating by parts and using Lemma 3.3 we obtain
Applying Young's inequality our conclusion follows. 
Lemma 3.5 If inequalities (3.1)-(3.2) hold, then there exists a constant
Proof: Performing an integration by parts and using equation (1.1) and boundary conditions (1.3) we obtain
Similarly, using equation (1.2) instead of (1.1) we get
Summing (3.4) and (3.5) and using boundary conditions (1.3) again we arrive at
From hypothesis (2.1) we get
Applying Young's inequality we obtain
where G 0 is given by (1.5), and δ 0 and C τ are positive constants such that
Using these inequalities and hypothesis (1.5) we arrive at
Using the inequality
and hypothesis (3.1)-(3.2) we get
Substitution of the inequalities (3.7)-(3.8) into (3.6) gives
Hence, our conclusion follows. 2
Proof of Theorem 3.1: Using hypothesis (3.3) in Lemma 3.4 we get
Since k is bounded the second inequality of Lemma 3.3 implies that
Substitution of these terms in Lemma 3.5 yields
Now, let us denote by F the following functional
F(t) := N E(t) + J(t).
Taking N large, the above inequality implies that
It is easy to verify that for N large enough, we also have
Combining inequalities (3.9) and (3.10) we conclude that
, Lemma 3.2 implies that F decays exponentially. In view of (3.10) the energy also decays exponentially. This completes the proof. 2
Here our attention will be focused on the uniform rate of decay when the resolvent kernel k decays polynomially as (1 + t)
. In this case we will show that the solution also decay polynomially with the same rate. We summarize the main result of this section in the following Theorem Theorem 4.1 Let us assume that the resolvent kernel k ∈ C 2 (R) is a non-negative function such that
for some p > 2 and c 1 , c 2 positive constants. Assume that (u
satisfying the compatibility conditions (2.3). If inequalities (3.1)-(3.2) hold, then there exists a positive constants C = C(E(0)) such that
To show this Theorem we shall use the same ideas of the previous section, that is, we shall make a Lyapunov functional satisfying the nonlinear differential inequality of the following Lemma 
for some p ≥ 1 and positive constant k 0 and k 1 . In these conditions, there exists c > 0 such that
Proof: Let us denote by I(t) the function defined by
Differentiating I we have
. It follows that
I(t) ≤ I(0)
which yields the required inequality. 2
. Proof: For any fixed t we have . Using Hölder's inequality, we get
. This completes the proof.
2
) and g is a continuous function.
.
Moreover, If there exists
(s) ds < ∞ , then we have
. Proof: From the hypothesis on v and Lemma 4.3 we get
Now, for 0 < θ < 1 we have
From where the second inequality of this Lemma follows. when θ = 1 we get
Substitution of this inequality into (4.2) yields the first inequality. The proof is now com-
plete. 2
Proof of Theorem 4.1: We use similar estimates as in the previous section which are independent of the behavior of the resolvent kernel k. Using hypothesis (4.1) in Lemma 3.4
Applying the second inequality of Lemma 3.3 to k and v with θ =
. Since p > 2 we conclude that
. Substituting these inequalities in Lemma 3.5 we get
Let us denote by F the following functional
F(t) := N E(t) + J(t).
Taking N large, from inequalities (4.3)-(4.4) we have that 
The resolvent kernel k and the energy E are bounded, therefore there exists C > 0 such that Γ 2 k(t) . Applying Lemma 4.2 we conclude that
Since p > 2 and θ = 1/2, this last inequality implies that
E(τ, u, v) dτ + tE(t, u, v) < ∞.
Repeating the same reasoning as above and using the first part of Lemma 4.4 we arrive to E(t) ≤ C (1 + t) p . This completes the proof.
The method used in this article to show uniform stability can be also applied when:
1. The material is nonhomogeneous and anisotropic, that is, 
